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2002 M. Nishizawa [7] q-analogue
Mehta-Wang Nishizawa Askey-Wilson polynomial
$\mathbb{C}$ $Z$ $N$ ( )
Mehta-Wang Nishizawa $n,$ $k\in Z,$ $a\in \mathbb{C}$
$(\begin{array}{l}nk\end{array})=\{\begin{array}{ll}\frac{n!}{k!(n-k)!} if 0\leq k\leq n,0 otherwize,\end{array}$ $(a)_{n}=\{\begin{array}{ll}\prod_{k=0}^{n-1}(a+k) if n>0,1 if n=0,\frac{n-11}{\Pi_{k=0}(a-|n|+k)} if n<0\end{array}$
Mehta-Wang ([6]).
Theorem 1.1 (Mehta-Wang 00). $a,$ $b\in \mathbb{C}({\rm Re}(b)>0),$ $n\in N$
$\det((a+j-i)\Gamma(b+i+j))_{0\leq i,j\leq n-1}=D_{n}\prod_{k=0}^{n-1}k!\Gamma(b+k)$ (1.1)




’Joint work with Jiang Zeng (Institut Camille Jordan, Universit\’e Claude Bernard Lyon 1).
\dagger Partially supported by Grant-in-Aid for Scientific Research (C) No.21540015, Japan Society for the Promotion
of Science.
\ddagger Partially supported by Grant-in-Aid for Scientiflc Research (C) No.23540017, Japan Society for the Promotion
of Science.
lRe(b) $b$
$2\delta_{i,j}$ i.e. $\delta_{i,j}=1$ if $i=j,$ $\delta_{i,j}=0$ if $i\neq i$
1795 2012 204-223 204
3,
$D_{0}=1,$ $D_{1}=a,$ $D_{n+1}=aD_{n}$ $n(b+n-1)D_{n-1}$ $(n\in N)$ . (1.3)
$a=0$
$\det((j-i)\Gamma(b+i+j))_{0\leq i,j\leq 2n-1}=(\prod_{k=0}^{n-1}(2k+1)!\Gamma(b+2k+1))^{2}$ . (14)
$\Gamma(z+1)=z\Gamma(z)$ $n\in Z(n\geq 0)$ $\Gamma(z+n)=(z)_{n}\Gamma(z)$
(1.1) Gamma function
$\det((a+j-i)(b)_{i+j})_{0\leq i,j\leq n-1}=D_{n}\prod_{k=0}^{n-1}k!(b)_{k}$ (15)
(1.4) Ciucu-Krattenthaler 2 Dimer system
(cf. [1]). .
Theorem 1.2 (Ciucu-Krattenthaler 11). $n\in N$
pf$((j-i) \Gamma(b+i+j))_{0\leq i,j\leq 2n-1}=\prod_{k=0}^{n-1}(2k+1)!\Gamma(b+2k+1)$ . (16)
$a,$ $q\in \mathbb{C},$ $m,$ $n\in Z(m\geq 0)$
$(a;q)_{n}=\{\begin{array}{ll}\prod_{k=0}^{n-1}(1-aq^{k}) if n>0,1 if n=0,\frac{1}{\Pi_{k=0}^{|n|1}(1-aq^{-|n|+k})} if n<0,\end{array}$ $[a]= \frac{1-q^{a}}{1-q}$ , $[m]!=\{\begin{array}{ll}1 if m=0,[m][m-1]! if m>0\end{array}$
(cf. [7]).
Theorem 1.3 (Nishizawa 02). $n\in N,$ $a,$ $b,$ $q\in \mathbb{C}(0<|q|<1)$
$\det([a+j-i]\Gamma_{q}(b+i+j))_{0\leq i,j\leq n-1}=q^{na+\frac{n(n-1)b}{2}+\frac{n(n-1)(2n-7)}{6}D_{n,q}\prod_{k=0}^{n-1}[k]!r_{q}(b+k)}$ (17)
$\Gamma_{q}(z)=(1-q)^{1-z}\frac{(q;q)_{\infty}}{(q^{z};q)_{\infty}}$ (q-Gamma function), $(a;q)_{\infty}= \prod_{k=0}^{\infty}(1-aq^{k})$
$D_{n,q}=\det(d_{i,j})_{0\leq i,j\leq n-1}$ , $d_{i,j}=\{\begin{array}{ll}(1-q)^{i-j-1}(q^{-b-j+1}-q^{-b+1}-1) if i>j,q^{-a+j}[a-j]+q^{-b-j+1}b] if i=j,q^{-b-j+1}[b+j-1][j] if i=j-1,0 otherwise\end{array}$
4. $D_{n,q}$










(1.9) $\frac{1}{(1-q)^{n}}$ $qarrow 1$ (1.5)
Mehta-Wang, Nishizawa Askey-Wilson
polynomial $m,$ $n\in Z(n\geq 0),$ $r\in N,$ $a_{1},$ $a_{2},$ $\ldots$ , $a_{r+1},$ $b_{1},$ $b_{2},$ $\ldots$ , $b_{r},$ $q\in \mathbb{C},$ $x,$ $a,$ $b,$ $c$ ,
$d\in \mathbb{C}$
$(b_{1}, b_{2}, \ldots, b_{r};q)_{m}=(b_{1};q)_{m}(b_{2};q)_{m}\ldots(b_{r};q)_{m}$ ,
$r+1\phi_{r}[^{a_{1},a_{2},..\cdot.’.a_{r+1}}b_{1},b_{2}.,,b_{r}’;q,$ $z]= \sum_{k\geq 0}\frac{(a_{1},a_{2},\ldots,a_{r+.1};q)_{k}z^{k}}{(q;q)_{k}(b_{1},b_{2},..,b_{r};q)_{k}}$ ,
$P_{n}(x;a, b, c, d;q)= \frac{(ab,ac,ad;q)_{n}}{a^{n}}4\phi_{3}[^{q^{-n},abcdq^{n-1}.ax,ax^{-1}}ab,ac,ad;q,$ $q]$
$P_{n}(x;a, b, c, d;q)$ Askey-Wilson polynomial
Theorem 1.4. $n\in N,$ $r\in Z$
$\det((1-cq^{j-i})\frac{(aq;q)_{i+j+r-2}}{(abq^{2};q)_{i+j+r-2}})_{1\leq i,j\leq n}$
$=(-1)^{n}a^{\frac{n(n-3)}{2}}q^{\frac{n(n^{2}-3\mathfrak{n}-1)}{3}+\frac{n(\mathfrak{n}-3)r}{2}}(abcq^{r+1};q^{2})_{n} \prod_{k=0}^{n-1}\frac{(q;q)_{k}(aq;q)_{k+r+1}(bq;q)_{k-1}}{(abq^{2};q)_{k+n+r-1}}$
$\cross 4\phi_{3}[_{aq^{r+1},a^{1}b^{\frac{1}{2}}c^{\frac{1}{2}}q_{2-a^{\frac{1}{2}}b^{1}c^{1r+\underline{1}}}^{\underline{r}}}^{q^{-n},q^{\underline{r}\pm\pm}}a^{\frac{1}{2}}c_{l}^{\frac{1}{2}}21,-\pm a^{\frac{1}{2}}1,c^{\frac{1}{2}}q^{\underline{r}_{2}}\frac{1}{2},azbqq^{n+r}=;q,$$q]$ (1.11)
$=(- \sqrt{-1})^{n}a^{\frac{n(n-2)}{2}}c^{\frac{n}{2}}q^{\frac{n(2n^{2}-6n+1)}{6}+\frac{n(n-2)r}{2}}\prod_{k=0}^{n-1}\frac{(q;q)_{k}(aq;q)_{k+r}(bq;q)_{k-1}}{(abq^{2};q)_{k+n+r-1}}$
$\cross P_{n}(\sqrt{-1}^{11^{r_{2\sqrt{-1},-a^{\frac{1}{2}}c^{-\frac{1}{2}-\perp\iota}}}};acq^{-\pm}q^{r_{2}}1\sqrt{-1}, b21$ $, -b^{1}2$ $; q)$ (1.12)
$\frac{(aq;q)_{m}}{(abq^{2};q)_{m}}$ little q-Jacobi orthogonal polynomial m-th moment
(cf. [2], [5]).
Theorem 1.4
Lemma 1.5. $n\in N,$ $t=$ $(t_{1}, t_{2}, \ldots , t_{n})\in N^{n}$
$\det(:$ .
$=(-1)^{n}a^{\frac{n(n-3)}{2}}q^{\frac{n(n-1)(n-5)}{6}\Sigma_{k=1}^{n}t_{k}} \prod_{k=1}^{n}\frac{(aq;q)_{t_{k}-1}(bq;q)_{k-2}}{(abq^{2};q)_{t_{k}+n-2}}\prod_{1\leq i<j\leq n}(q^{t_{*}}. -q^{t_{j}})$
$\cross\sum_{k=0}^{n}(-1)^{k}(abcq^{2k+1};q^{2})_{n-k}(acq;q^{2})_{k}R_{m,k}(t;a, b;q)$ . (1.13)
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$R_{m,k}(t;a,b;q.)..= \sum_{1\leq j_{1}<j_{2}<<,.j_{k}\leq n}.q^{\Sigma_{u=l}^{n-.k}.i_{u}-n+k}\prod_{u1\leq\iota_{1}<i_{2}<\cdots,.<x_{n.-k}\leq n=1}^{n-k}(1-aq^{t_{i_{u}}+k-\iota_{u}+u})\prod_{u=1}^{k}(1-abq^{t_{Ju}+g_{u}+k-1-u})\{i_{1^{l}2},.i_{n-k}\}\cup\{j_{1},j_{2}..,j_{k}\}=\{1,2.,n\}$
(19), (1.10), (1.11), (1.12)
$D_{n,q}= \frac{(-1)^{n}q^{-n(a+b)}(q^{b};q)_{n}}{(1-q)^{n}}3\phi_{2}[^{q^{-n},q_{q^{b^{\underline{b}}},0}^{\underline{a}_{2}}-q^{a\underline{b}}}\pm,\lrcorner_{2};q,$ $q]$
$= \frac{(-\sqrt{-1})^{n}q^{-\frac{n(a+b)}{2}}}{(1-q)^{n}}P_{n}(\sqrt{-1};q^{\underline{a}_{2}}\perp b\sqrt{-1}, -q^{-\frac{a-b}{2}}\sqrt{-1},0,0;q)$ ,
$D_{n}=(-1)^{n}(b)_{n2}F_{1}[^{-n_{b}\frac{a+b}{2}};2]$ (1.14)
5. $r\in N,$ $a_{1},$ $a_{2},$ $\ldots,$ $a_{r+1},$ $b_{1},$ $b_{2},$ $\ldots,$ $b_{r}\in \mathbb{C}$
$r+1F_{r}[^{a_{1},a_{2},..\cdot,a_{r+1}}b_{1},b_{2}.,..,$$b_{r};z]= \sum_{k\geq 0}\frac{(a_{1})_{k}(a_{2})_{k}\ldots(a_{r+1})_{k}z^{k}}{k!(b_{1})_{k}(b_{2})_{k}\ldots(b_{r})_{k}}$
2 Theorem 1.4 3 Askey-Wilson polynomial
4 3 Theoreml.4 $n$
[3] [4]
Theorem 1.4, Lemma 1.5
2 Theorem 1.4
$n\in N,$ $t=(t_{1}, t_{2}, \ldots, t_{n})\in N^{n}$
$T_{t}(a, b, c;q)=((1-cq^{j-t_{i}})(aq^{t_{i}-1};q)_{j-1}(abq^{t_{i}+j-2};q)_{n-j})_{1\leq i,j\leq n}$
$\det((1-cq^{g-t_{i}})\frac{(aq;q)_{t_{i}+j-2}}{(abq^{2};q)_{t_{i}+j-2}})_{1\leq i,j\leq n}=\det(T_{t}(aq, bq, c;q))\cross\prod_{k=1}^{n}\frac{(aq;q)_{t_{k}-1}}{(abq^{2};q)_{t_{k}+n-2}}$ (2.1)
$0\leq k\leq n$
$R_{t}^{(k)}(a, b;q)=R_{n,k}(t;aq^{-1}, bq^{-1};q)$ (2.2)




$\det(T_{t}(a, b, c;q))=(-1)^{n}a\overline{2}q$$n(n-3) \frac{n(n-2)(n-7)}{6}\Sigma_{k=1}^{n}t_{k}\prod_{k=-1}^{n-2}(b;q)_{k}\prod_{1\leq i<j\leq n}(q^{t_{:}}-q^{t_{j}})$
$\cross\sum_{k=0}^{n}(-1)^{k}(abcq^{2k-1};q^{2})_{n-k}(ac;q^{2})_{k}R_{t}^{(k)}(a, b;q)$ (2.3)
(2.3) Lemmal.5 Theorem 1.4
(23)
Proposition 2.1. $n\in N,$ $t=$ $(t_{1}, t_{2}, \ldots , t_{n})\in N^{n}$ $t’=(t_{1}, t_{2}, \ldots , t_{n-1})$
$\det(T_{t}(a, b, c;q))=a^{n-2}q^{-n-t_{n}+2}(b;q)_{n-2}\prod_{k=1}^{n-I}(q^{t_{k}}-q^{t_{n}})$
$\cross((1-ac)(1-abq^{t_{n}+n-3})\det(T_{t’}(aq, b, cq;q))$
- $q \frac{(n-1)(n-2)}{2}(1-abcq^{2n-3})(1-aq^{t_{n}-1})\det(T_{f’}.(a, b, c;q)))$ . (2.4)
$t=(t_{1})$ $\det(T_{t’}(a, b,c;q))=1$
Proposition 2.1 $T_{t}(a, b, c;q)$ $n$ $(n, 1)$ $(n, n)$ $0$
$T_{t}(a, b, c;q)$ 4 $X_{t}(a;q),\tilde{X}_{t}(a, b;q),$ $Y_{n}(q)$ ,
$\overline{Y}_{n}(q)$
$X_{t}(a;q)=(- \frac{\delta(i\geq j)q^{t_{J}}}{(1-aq^{t_{j}-1})\prod_{k\neq j}1\leq k\leq\cdot(1-q^{t_{j}-t_{k}})}I_{1\leq i,j\leq n}$
$\overline{X}_{t}(a, b;q)=(-\frac{\delta(i\geq j)q^{t_{j}}}{(1-abq^{t_{j}+n-3})\prod_{k\neq j}1\leq k\leq\dot{.}(1-q^{t_{j}-t_{k}})})_{1\leq i,j\leq n}$
$Y_{n}(q)=((-1)^{i+j}q^{-\frac{(\cdot-j)(2n+1-\dot{\cdot}-j)}{2}}\{\begin{array}{l}n-ji-j\end{array}\})_{1\leq i,j\leq n}$
$\overline{Y}_{n}(q)=((-1)^{i+}q\{\begin{array}{ll}j -1j -i\end{array}\})_{1\leq i,j\leq n}$
$\delta(P)=\{$
lif $P$ is true,
$\{\begin{array}{l}mn\end{array}\}=\{$
$0$ if $P$ is false,
$\frac{(q;q)_{m}}{(q;q)_{n}(q;q)_{m-n}}$ if $0\leq n\leq m$ ,
$0$ otherwise
$W_{t}(a, b, c;q)=X_{t}(a;q)T_{t}(a, b, c;q)Y_{n}(q)$ , (2.5)
$\overline{W}_{t}(a, b,c;q)=\overline{X}_{t}(a, b;q)T_{t}(a, b, c;q)\tilde{Y}_{n}(q)$ (2.6)
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$n\in N,$ $t=(t_{1}, t_{2}, \ldots, t_{n})\in N^{n}$
$\det(W_{t}(a, b, c;q))=\frac{(-1)^{n}q^{\Sigma_{k=1}^{n}t_{k}}\det(T_{t}(a,b,c;q))}{\prod_{k=1}^{n}(1-aq^{t_{k}-1})\prod_{1\leq i<j\leq n}(1-q^{t_{j}-t_{i}})}$ , (2.7)
$\det(\tilde{W}_{t}(a, b, c;q))=\frac{(-1)^{n}q^{\Sigma_{k--1}^{n}t_{k}}\det(T_{t}(a,b,c;q))}{\prod_{k=1}^{n}(1-abq^{t_{k}+n-3})\prod_{1\leq i<j\leq n}(1-q^{t_{j}-t_{i}})}$ (2.8)
$X_{t}(a;q),\tilde{X}_{t}(a, b;q),$ $Y_{n}(q)$ $\overline{Y}_{n}(q)$
$W_{t}(a, b, c;q),\tilde{W}_{t}(a, b, c;q)$ $n$
Lemma 2.2. $n\in Z,$ $n\geq 2,$ $t=$ $(t_{1}, t_{2}, \ldots , t_{n})\in \mathbb{N}^{n}$
(i) $1\leq i\leq n$
$[W_{t}(a, b, c;q)]_{n,j}=\{\begin{array}{ll}\frac{(-1)^{n}a^{n-1}q^{-n+1+\Sigma_{k=1^{t_{k}}}^{n}}(b;q)_{n-1}(1-ac)}{\Pi_{k=1}^{n}(1-aq^{t_{k}-1})} if j=1,0 if 1<j<n,cq^{n} if j=n.\end{array}$
$A=(a_{i,j})_{1\leq i,j\leq n}$ $[A]_{i,j}=a_{i,j}$
(ii) $1\leq i\leq n$
$[\tilde{W}_{t}(a, b, c;q)]_{n,j}=\{\begin{array}{ll}cq if j=1,0 if 1<j<n,-\frac{a^{n-1}q^{\frac{(n-1)(n-4)}{2}+\Sigma_{k=1^{t_{k}}}^{n}}(b;q)_{n-1}(1-abcq^{2n-3})}{\Pi_{k=1}^{n}(1-abq^{\iota_{k}+n-3})} if j=n.\end{array}$
$m,$ $n\in N(1\leq m\leq n)$
$[m, n]=\{m, m+1, m+2, \ldots, n\}$
$I,$ $J\subseteq[1,$ $n|,$ $I=\{i_{1}, i_{2}, \ldots, i_{r}\}(i_{1}<i_{2}<\cdots<i_{r}),$ $J=$ $\{$il, $j_{2},$ $\ldots,j_{s}\}$ $(il<j_{2}<\cdots<$
$j_{8}),$ $A=(a_{i,j})_{1\leq i,j\leq n}$
$A_{J}^{I}=(a_{i_{u},j_{v}})_{1\leq u\leq r,1\leq v\leq s}$
Lemma 2.2
Corollary 2.3. $n\in Z(n\geq 2),$ $t=(t_{1}, t_{2}, \ldots, t_{n})\in N^{n}$
$\det(W_{t}(a, b, c;q))=cq^{n}\cdot\det(W_{t}(a, b, c;q)_{[1,n-1]}^{[1,n-1]})$
$- \frac{a^{n-1}q^{-n+1+\Sigma_{k--1}^{n}t_{k}}(b;q)_{n-1}(1-ac)}{\prod_{k=1}^{n}(1-aq^{t_{k}-1})}\det(W_{t}(a, b, c;q)_{[2,n]}^{[1,n-1]})$ . (2.9)
$\det(\tilde{W}_{t}(a, b, c;q))=(-1)^{n+1}cq\cdot\det(W_{t}^{-}(a, b, c;q)_{[2,n|}^{[1,n-1]})$




Lemma 2.4. (i) $n,$ $r\in Z,$ $n\geq 1,0\leq r\leq n-1$
$\sum_{k=1}^{n}\frac{x_{k}^{r}}{(1-bx_{k})\prod 1\leq s\leq n(x_{k}-x_{\epsilon}),\epsilon\neq k}=\frac{b^{n-1-r}}{\prod_{k=1}^{n}(1-bx_{k})}$. (211)
(ii) $n\in N$
$\sum_{k=1}^{n}\frac{(aq^{t_{k}};q)_{n-1}}{(1-bq^{t_{k}})\prod_{s\neq k}1\leq s\leq n(q^{t_{k}}-q^{t}\cdot)}=\frac{b^{n-1}(ab^{-1};q)_{n-1}}{\prod_{k=1}^{n}(1-bq^{t_{k}})}$ . (2.12)
(iii) $n,$ $r\in Z,$ $n\geq 2,$ $-1\leq r\leq n-1$
$\sum_{k=1}^{n}\frac{x_{k}^{r}}{\prod 1\leq s\leq n(x_{k}-x_{s}),\epsilon\neq k}=\{\begin{array}{ll}I\Gamma_{k=l}^{n}\overline{xk}(-1\llcorner^{n-1} if r=-1,0 if 0\leq r\leq n-2,1 if r=n-1.\end{array}$ (213)
Proof. (i) (resp. (ii)) $\prod;_{=1}(1-bx_{k})$ $($ resp. $\prod_{k=1}^{n}(1-bq^{t_{k}}))$ $b$
$n-1$ (iii) $i$ $(x_{i}^{r}, 1, x_{i}, \ldots , x_{i}^{n-2})$
1 Vandermonde
Proof of Lemma 2.2. (i)
$[W_{t}(a, b, c;q)]_{n},J=- \sum_{k=1}^{n}\frac{q^{t_{k}}U_{k}}{(1-aq^{t_{k}-1})\prod 1\leq s\leq n(1-q^{t_{k}-t_{n}}),\epsilon\neq k}$ (2.14)
$U_{k}= \sum_{l=0}^{n-j}(1-\dot{\phi}^{-t_{k}+l})(aq^{t_{k}-1};q)_{j-1+\downarrow(abq^{t_{k}+j-2+\iota};q)_{n-j-l}(-1)^{l}q^{-\frac{l(2n-2j+1-l)}{2}}}\{\begin{array}{l}n-jl\end{array}\}$





Vandermonde’s formula q-analogue $(cf. [2]-(1.5.3))$ :








$[W_{t}(a, b, c;q)]_{n,g}=(-1)^{n}q^{\Sigma_{k=1}^{n}t_{k}} \sum_{l=0}^{n-j-1}\frac{(q^{-n+j};q)_{l+1}}{(q;q)_{l}}\sum_{k=1}^{n}\frac{(aq^{t_{k}};q)_{j+l-1}(abq^{t_{k}+j-1+l};q)_{n-j-1-l}}{\prod_{\epsilon\neq k}1\leq s\leq n(q^{t_{k}}-q^{t_{8}})}$
$+(-1)^{n}a^{n-j}q^{(j-2)(n-j)+\Sigma_{k=1}^{n}t_{k}}(b;q)_{n-\gamma} \sum_{k=1}^{n}\frac{q^{t_{k}(n-j)}(1-cq^{J^{-t_{k}}})(aq^{t_{k}-1};q)_{j-1}}{(1-aq^{t_{k}-1})\prod 1\leq\epsilon\leq n(q^{t_{k}}-q^{t_{s}}),B\neq k}$ .
(213) 1 O
$[W_{t}(a, b, c;q)]_{n,j}=(-1)^{n}a^{n-j}q^{(j-2)(n-j)+\Sigma_{k=1}^{n}t_{k}}(b;q)_{n-j} \sum_{k=1}^{n}\frac{q^{t_{k}(n-j)}(1-cq^{j-t_{k}})(aq^{t_{k}-1};q)_{j-1}}{(1-aq^{t_{k}-1})\prod_{n\neq k}1\leq s\leq n(q^{t_{k}}-q^{t_{s}})}$.
(218)
Case 1. $j=1$ (2.18)
$[W_{t}(a, b, c;q)]_{n,1}=(-1)^{n}a^{n-1}q^{-n+1+\Sigma_{k=1}^{n}t_{k}}(b;q)_{n-1} \sum_{k=1}^{n}\frac{q^{t_{k}(n-1)}(1-cq^{1-t_{k}})}{(1-aq^{t_{k}-1})\prod_{s\neq k}1\leq s\leq n(q^{t_{k}}-q^{t_{\epsilon}})}$ .
$\sum_{k=1}^{n}\frac{q^{t_{k}(n-1)}(1-cq^{1-t_{k}})}{(1-aq^{t_{k}-1})\prod_{s\neq k}1\leq\epsilon\leq n(q^{t_{k}}-q^{t_{\theta}})}$
$=-cq \sum_{k=1}^{n}\frac{q^{t_{k}(n-2)}}{\prod_{s\neq k}1\leq\epsilon\leq n(q^{t_{k}}-q^{t_{s}})}+(1-ac)\sum_{k=1}^{n}\frac{q^{t_{k}(n-1)}}{(1-aq^{t_{k}-1})\prod_{s\neq k}1\leq\epsilon\leq n(q^{t_{k}}-q^{t_{\text{\’{e}}}})}$ (219)
(213) (219) O
$[W_{t}(a, b, c;q)]_{n,1}=(-1)^{n}a^{n-1}q^{-n+1+\Sigma_{k=1}^{n}t_{k}}(b;q)_{n-1}(1-ac) \sum_{k=1}^{n}\frac{q^{t_{k}(n-1)}}{(1-aq^{t_{k}-1})\prod_{s\neq k}1\leq s\leq n(q^{t_{k}}-q^{t_{s}})}$ .
(2.20)
(2.11) $r=n-1$ (2.20)
$[W_{t}(a, b, c;q)]_{n,1}= \frac{(-1)^{n}a^{n-1}q^{-n+1+\Sigma_{k=1}^{n}t_{k}}(b;q)_{n-1}(1-ac)}{\prod_{k=1}^{n}(1-aq^{t_{k}-1})}$ . (2.21)
Case 2. $1<j<n$ (2.18) (2.13)
$[W_{t}(a, b, c;q)]_{n,j}=(-1)^{n}a^{n-j}q^{(j-2)(n-j)+\Sigma_{k=1}^{n}t_{k}}(b;q)_{n-j} \sum_{k=1}^{n}\frac{q^{t_{k}(n-j)}(1-c\mathscr{A}^{-t_{k}})(aq^{t_{k}};q)_{j-2}}{\prod_{e\neq k}1\leq\epsilon\leq n(q^{t_{k}}-q^{t_{\epsilon}})}=0$.
(2.22)
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Case 3. $j=n$ (2.18) (2.13)
$[W_{t}(a, b, c;q)]_{n,n}=(-1)^{n}q^{\Sigma_{k=1}^{n}t_{k}} \sum_{k=1}^{n}\frac{(1-cq^{n-t_{k}})(aq^{t_{k}};q)_{n-2}}{\prod 1\leq s\leq n(q^{t_{k}}-q^{t}\cdot),\neq k}=cq^{n}$ . (2.23)
(2.21), (2.22), (2.23) (i) (ii)
$[ \tilde{W}_{t}(a, b, c;q)]_{n,j}=-\sum_{k=1}^{n}\frac{q^{t_{k}}V_{k}}{(1-abq^{t_{k}+n-3})\prod 1\leq\epsilon\leq n(1-q^{t_{k}-t_{s}}),\epsilon\neq k}$ (2.24)
$V_{k}= \sum_{l=0}^{j-1}(1-\phi^{-t_{k}-l})(aq^{t_{k}-1};q)_{j-1-l}(abq^{t_{k}+j-2-l};q)_{n-j+l}(-1)^{\iota_{q}\frac{l(\downarrow+1)}{2}}\{j -1l\}$
(2.15)




Vandermonde’s formula q-analogue $(cf. [2]-(1.5.2))$ :






$=(-1)^{n}q^{\Sigma_{\epsilon=1}^{n}t_{\delta}}((-1)^{j}a^{g-1}ci^{+(j-1)(j-4)/2}(b;q)_{j-1} \sum_{k=1}^{n}\frac{q^{(j-2)t_{k}}(abq^{t_{k}+-2}J;q)_{n-J}}{(1-abq^{t_{k}+n-3})\prod_{s\neq k}1\leq\epsilon\leq n(q^{t_{k}}-q^{t_{*}})}$
$+ \sum_{l=0}^{j-1}\frac{q^{jl}(q^{-j+1};q)\downarrow}{(q;q)\downarrow}\sum_{k=1}^{n}\frac{(aq^{t_{k}-1};q)_{j-1-\downarrow(abq^{t_{k}+j-l-2};q)_{n-j+l}}}{(1-abq^{t_{k}+n-3})\prod_{s\neq k}1\leq\epsilon\leq n(q^{t_{k}}-q^{t_{\epsilon}})})$ . (2.30)
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Case 1. $i=1$ (2.30)
$[ \tilde{W}_{t}(a, b, c;q)]_{n,1}=(-1)^{n-1}q^{\Sigma_{\partial=1}^{n}t_{\epsilon}}(cq\sum_{k=1}^{n}\frac{q^{-t_{k}}(abq^{t_{k}-1};q)_{n-2}}{\prod 1\leq s\leq n(q^{t_{k}}-q^{t_{\delta}}),\epsilon\neq k}-\sum_{k=1}^{n}\frac{(abq^{t_{k}-1};q)_{n-2}}{\prod_{0\neq k}1\leq s\leq n(q^{t_{k}}-q^{t_{s}})})$.
(2.13)
$[\tilde{W}_{t}(a, b, c;q)]_{n.1}=cq$ . (2.31)
Case 2. $1<i<n$ (2.30) (2.13)
$[\tilde{W}_{t}(a, b, c;q)]_{n,1}=0$. (2.32)
Case 3. $j=n$ (2.30)
$[ \tilde{W}_{t}(a, b, c;q)]_{n,1}=q^{\Sigma_{s=1}^{n}t_{\epsilon}}(a^{n-1}cq^{\frac{n^{2}-3n+4}{2}}(b;q)_{n-1}\sum_{k=1}^{n}\frac{q^{(n-2)t_{k}}}{(1-abq^{t_{k}+n-3})\prod_{\epsilon\neq k}1\leq s\leq n(q^{t_{k}}-q^{t_{\epsilon}})}$
$+(-1)^{n} \sum_{l=1}^{n-1}\frac{q^{ln}(q^{-n+1};q)_{l}}{(q;q)_{l}}\sum_{k=1}^{n}\frac{(aq^{t_{k}-1};q)_{n-1-l}(abq^{t_{k}+n-l-2};q)_{l-1}}{\prod_{s\neq k}1\leq s\leq n(q^{t_{k}}-q^{t_{8}})}$
$+(-1)^{n} \sum_{k=1}^{n}\frac{(aq^{t_{k}-1};q)_{n-1}}{(1-abq^{t_{k}+n-3})\prod 1\leq s\leq n(q^{t_{k}}-q^{t_{\epsilon}}),\partial\neq k})$
(213), (2.11), (2.12)
$(b^{-1}q^{2-n};q)_{n-1}=(-1)^{n-1}b^{-n+1}q^{-(n-1)(n-2)/2}(b;q)_{n-1}$
$[ \tilde{W}_{t}(a, b, c;q)]_{n,1}=(-1)^{n}q^{\Sigma_{s=1}^{n}t_{s}}(\frac{(-1)^{n}a^{n}bcq^{\frac{(n+1)(n-2)}{2}}(b;q)_{n-1}}{\prod_{k=1}^{n}(1-abq^{t_{k}+n-3})}+\frac{(abq^{n-3})^{n-1}(b^{-1}q^{2-n};q)_{n-1}}{\prod_{k=1}^{n}(1-abq^{t_{k}+n-3})})$
$= \frac{-a^{n-1}q^{\frac{(n-1)(n-4)}{2}+\Sigma_{\epsilon=1}^{n}t_{R}}(b;q)_{n-1}(1-abcq^{2n-3})}{\prod_{k=1}^{n}(1-abq^{t_{k}+n-3})}$. (2.33)
(2.31), (2.32), (2.33) $\square$
Proposition 2.1
Lemma 2.5. $n\in Z(n\geq 2),$ $t=(t_{1}, t_{2}, \ldots, t_{n})\in N^{n}$ $t’=(t_{1}, t_{2}, \ldots, t_{n-1})$
$\det(W_{t}(a, b, c;q)_{[2,n]}^{[1,n-1]})=\frac{(-1)^{n+1}q^{\Sigma_{k=1}^{n-1}t_{k}}}{\prod_{1\leq i<j\leq n-1}(1-q^{t_{j}-t_{i}})}\det(T_{t’}(aq, b, cq;q))$ , (2.34)
$\det(\tilde{W}_{t}(a, b, c;q)_{[1,n-1]}^{[1,n-1]})=\frac{(-1)^{n+1}q^{\Sigma_{k=1}^{n-1}t_{k}}}{\prod_{1\leq i<j\leq n-1}(1-q^{t_{j}-t_{i}})}\det(T_{t’}(a, b, c;q))$ . (2.35)
Lemma 2.5 $n\in N,$ $t=$ $(t_{1}, t_{2}, \ldots , t_{n})\in N^{n}$
$P_{t}(q)=(- \frac{\delta(i\geq j)q^{t_{J}}}{\prod_{k\neq j}1\leq k\leq i(1-q^{t_{j}-t_{k}})}I_{1\leq i,j\leq n}$
$Z_{t}(a;q)=( \frac{\delta_{i,j}}{1-aq^{t_{j}-1}})_{1\leq i,j\leq n}$ , $\tilde{Z}_{t}(a, b;q)=(\frac{\delta_{i,j}}{1-abq^{t_{j}+n-3}})_{1\leq i,j\leq n}$
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$X_{n}(a;q)=P_{t}(q)Z_{t}(a;q)$ , $\tilde{X}_{n}(a, b;q)=P_{t}(q)\tilde{Z}_{t}(a, b;q)$ . (236)
Proof of Lemma 2.5. (i) $n\geq 2$
$P_{t’}(q)T_{t’}(aq, b, cq;q)Y_{n-1}(q)=W_{t}(a, b, c;q)_{[2,n|}^{[1,n-1|}$
$(P_{t}(q))_{[1.n-1]}^{[1.n-1|}=P_{t’}(q),$ $(Z_{t}(a;q)T_{t}(a, b, c;q))|_{2,n]}^{1,n-1|}=T_{t’}(aq, b, cq;q),$ $(Y_{n}(q))_{[2_{\backslash }n}^{[2,n}|=Y_{n-1}(q)$
$P_{t}(q),$ $Y_{n}(q)$
$W_{t}(a, b, c;q)=P_{t}(q)Z_{t}(a;q)T_{t}(a, b, c;q)Y_{n}(q)$
$W_{t}(a, b, c;q)_{[2,n]}^{[1,n-1]}=[P_{t}(q)Z_{t}(a;q)T_{t}(a, b, c;q)Y_{n}(q)]_{[2,n|}^{[1,n-1]}=P_{t’}(q)T_{t’}(aq, b, cq;q)Y_{n-1}(q)$
(ii) $n\geq 2$
$P_{t’}(q)T_{t’}(a, b, c;q)\tilde{Y}_{n-1}(q)=\tilde{W}_{t}(a, b, c:q)_{|1,n-1]}^{[1,n-1]}$
$(P_{t}(q))|\begin{array}{l}1,n-11,n-1\end{array}|=P_{t’}(q),$ $(\tilde{Z}_{t}(a, b;q)T_{t}(a, b, c;q))_{|1,n-1]}^{[1,n-1]}=T_{t’}(a, b, c;q),$ $(\tilde{Y}_{n}(q))|_{1,n-1|}^{1,n-1\rfloor}=\tilde{Y}_{n-1}(q)$
8 $(q)$ $\tilde{Y}_{n}(q)$
$\tilde{W}_{t}(a, b, c;q)=P_{t}(q)\tilde{Z}_{t}(a, b;q)T_{t}(a, b, c;q)\tilde{Y}_{n}(q)$
$[\tilde{W}_{t}(a, b, c;q)]_{[1,n-1]}^{[1,n-1]}=[P_{t}(q)\tilde{Z}_{t}(a, b;q)T_{t}(a, b, c;q)\tilde{Y}_{n}(q)]_{[1,n-1]}^{[1,n-1]}=P_{t’}(q)T_{t’}(a, b, c;q)\tilde{Y}_{n-1}(q)$
Lemma 2.6. $n\in Z(n\geq 2),$ $t=(t_{1}, t_{2}, \ldots, t_{n})\in N^{n}$
$q^{n-1} \det(W_{t}(a, b, c;q)_{|1.n-1}^{|1,n-1}|)\prod_{k=1}^{n-1}(1-aq^{t_{k}-1})$
$=(-1)^{n+1} \det(\tilde{W}_{t}(a, b, c;q)_{|2,n]}^{[1,n-1|})\prod_{k=1}^{n-1}(1-abq^{t_{k}+n-3})$. (2.37)
(2.37) $n\in N$
$R_{m}(q)=(q^{(j-i)(n+2-i)+1}\{\begin{array}{l}n-ji-j\end{array}\})_{1\leq i,j\leq n}$ , $\tilde{R}_{n}(q)=(q^{2(j-i)}\{\begin{array}{ll}j -lj -i\end{array}\})_{1\leq i,j\leq n}$ ,
$V_{n}(q)=(\delta(i<n,j<n)q^{(j-i)(n+1-i)+1}\{\begin{array}{ll}n -1-j ji-\end{array}\})_{1\leq i,j\leq n}$ ,
$\tilde{V}_{n}(q)=(\delta(i>1, j<n)q^{2(j-i+1)}\{\begin{array}{ll} -ljj -i+l\end{array}\})_{1\leq i,j\leq n}$
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$[V_{n}(q)]_{[1,n-1]}^{[1,n-1]}=R_{n-1}(q)$ , $[\tilde{V}_{n}(q)]_{[1,n-1|}^{[2,n-1]}=\tilde{R}_{n-1}(q)$ (2.38)
Lemma26
Lemma 2.7. $n\in N$
$Y_{n}(q)V_{n}(q)=-\tilde{Y}_{n}(q)\tilde{V}_{n}(q)$ . (2.39)
Proof. $1\leq i,j\leq n$
$[Y_{n}(q)V_{n}(q)]_{i,g}=[-\tilde{Y}_{n}(q)\tilde{V}_{n}(q)]_{i,j}$ (2.40)
$V_{n}(q),\tilde{V}_{n}(q)$ $V_{n}(q),\tilde{V}_{n}(q)$ $n$ $0$
$[Y_{n}(q)V_{n}(q)]_{i,n}=0=[-\tilde{Y}_{n}(q)\tilde{V}_{n}(q)]_{i,n}$ (2.41)
$1\leq i<n$ $Y_{n}(q)V_{n}(q)$ $(i,j)$
$[Y_{n}(q)V_{n}(q)]_{i,j}$
$= \delta(i\geq j)\sum_{k=j}^{\min\{i,n-1\}}(-1)^{i+k}q^{-\frac{(i-k)(2n+1-\iota-k)}{2}+(j-k)(n+1-k)+1}\{\begin{array}{l}n-kki-\end{array}\}\{\begin{array}{ll}n -l-j k-j\end{array}\}$ . (2.42)
Case 1. $i=n$ (2.42) (2.15)
$[Y_{n}(q)V_{n}(q)]_{n,j}=(-1)^{n+g\mathcal{J}}q_{1}^{-\frac{(n-J-1)(n-J+2)}{2}}\phi_{0}(q^{-n++1};-;q, q^{n-\gamma-1})$ (2.43)
q-binomial theorem $(cf. [2]-(1.3.14))$ :
$1\phi_{0}(q^{-n};-;q, z)=(zq^{-n};q)_{n}$ (2.44)
$[Y_{n}(q)V_{n}(q)]_{n,j}=(-1)^{n+j}q^{-\frac{(n-g-1)(n-J+2)}{2}}(1;q)_{n-j-1}=\{\begin{array}{ll}-1 if j=n-1,0 otherwise.\end{array}$ (2.45)
Case 2. $i<n$ (2.42)








$[ Y_{n}(q)V_{n}(q)]_{i,j}=\frac{\delta(i\geq j)q(q^{-1};q)_{i-j}}{(q;q)_{i-j}}=\{\begin{array}{ll}q if i=j,-1 if i=j+1,0 otherwise.\end{array}$ (2.48)
$\tilde{Y}_{n}(q)\tilde{V}_{n}(q)$ $(i,j)$
$[ \tilde{Y}_{n}(q)\tilde{V}_{n}(q)]_{i,g}=\sum_{k=\max\{i}^{j+1}$
, . $\}^{(-1)^{i+k_{q}\frac{(k-:)(k-:+1)}{2}+2(J+1-k)}}\{\begin{array}{ll}k -1k -i\end{array}\}\{\begin{array}{lll} -1j j +1- k\end{array}\}$ . (2.49)
Case 1. $i=1$ (2.49)
$[\tilde{Y}_{n}(q)\tilde{V}_{n}(q)]_{1,j}=-q^{2j-1_{1}}\phi_{0}(q^{-j+1};-;q, \phi^{-1})$
(2.44)
$[\tilde{Y}_{n}(q)V_{n}(q)]_{1,j}=-q^{2j-1}(1;q)_{j-1}=\{\begin{array}{ll}-q if j=1,0 otherwise.\end{array}$ (2.50)
Case 2. $i>1$ (2.49)
$[ \tilde{Y}_{n}(q)\tilde{V}_{n}(q)]_{i,j}=\frac{(q;q)_{j-1}}{(q;q)_{i-1}}\sum_{k=0}^{j-i+1}\frac{(-1)^{k}q^{\frac{k(k+1)}{2}+2(j-i+1-k)}(q;q)_{i-1+k}}{(q;q)_{k}(q;q)_{j-i+1-k}(q;q)_{i-2+k}}$
(2.25), (2.28) $(q;q)_{m+k}=(q;q)_{m}(q^{m+1};q)_{k}$
$[\tilde{Y}_{n}(q)\tilde{V}_{n}(q)]_{i,j}=\{\begin{array}{ll}-q if i=j,1 if i=j+1,0 otherwise.\end{array}$ (2.51)
(2.41), (2.45), (2.48), (2.50), (2.51) $\}$ (2.40) $\square$
(2.40) Lemma 2.6
Proof of Lemma 2.6. $n\geq 2$
$(Z_{t’}(a;q))^{-1}P_{t’}(q)^{-1}(W_{t}(a, b, c;q))_{|1.n-1]}^{[1,n-1]}R_{n-1}(q)$
$=-(\tilde{Z}_{t’}(aq, b;q))^{-1}P_{t’}(q)^{-1}(\tilde{W}_{t}(a, b, c;q))_{[2,n]}^{|1,n-1]}\tilde{R}_{n-1}(q)$ (2.52)
$Z_{t}(a;q),\tilde{Z}_{t}(a, b;q)$ $P_{t}(q)$
$Z_{t’}(a;q)^{-1}=(Z_{t}(a;q)^{-1})_{[1,n-1]}^{[1,n-1]},\tilde{Z}_{t’}(aq, b;q)^{-1}=(Z_{t}(a, b;q)^{-1})_{[1,n-1|}^{[1,n-1]},$ $P_{t’}(q)^{-1}=[P_{t}(q)^{-1}]_{[1,n-1]}^{[1,n-1]}$ .
216
$Z_{t}(a;q)^{-1},\tilde{Z}_{t}(a, b;q)^{-1},$ $P_{t}(q)^{-1}$ $V_{n}(q)$ $n$ $0,\tilde{V}_{n}(q)$ 1
O (238)
$(Z_{t’}(a;q))^{-1}P_{t’}(q)^{-1}(W_{t}(a, b, c;q))_{[1,n-1|}^{[1,n-1]}R_{n-1}(q)$
$=[Z_{t}(a;q)^{-1}P_{t}(q)^{-1}W_{t}(a, b, c;q)V_{n}(q)]_{\lceil 1,n-1}^{|1,n-1}|$ (2.53)
$(\tilde{Z}_{t’}(aq, b;q))^{-1}P_{t’}(q)^{-1}(\tilde{W}_{t}(a, b, c;q))_{[2,n]}^{[1,n-1|}\tilde{R}_{n-1}(q)$
$=[\tilde{Z}_{t}(a, b;q)^{-1}P_{t}(q)^{-1}\tilde{W}_{t}(a, b, c;q)\tilde{V}_{n}(q)]_{[1,n-1]}^{[1,n-1]}$ (254)
(25), (26), (236), (239)
$Z_{t}(a;q)^{-1}P_{t}(q)^{-1}W_{t}(a, b, c;q)V_{n}(q)=-\tilde{Z}_{t}(a, b;q)^{-1}P_{t}(q)^{-1}\tilde{W}_{t}(a, b, c;q)\tilde{V}_{n}(q)$
(253), (254) (252)
Proof of Proposition 2.1. $n=1$ $n\geq 2$
(2.7), (2.9), (2.34)
$\frac{(-1)^{n}q^{\Sigma_{k=1}^{n}t_{k}}\det(T_{t}(a,b,c;q))}{(1-aq^{t_{n}-1})\prod_{1\leq i<j\leq n}(1-q^{t_{j}-t_{i}})}$
$=cq^{n} \cdot\det(W_{t}(a, b, c;q)_{[1,n-1]}^{[1,n-1]})\prod_{k=1}^{n-1}(1-aq^{t_{k}-1})$
$+ \frac{(-1)^{n}a^{n-1}q^{-n+1+t_{n}+2\Sigma_{k=1}^{n-1}t_{k}}(b;q)_{n-1}(1-ac)}{(1-aq^{t_{n}-1})\prod_{1\leq i<j\leq n-1}(1-q^{t_{j}-t_{i}})}\det(T_{t’}(aq, b, cq;q))$ . (2.55)
(2.8), (2.10), (2.35)
$\frac{(-1)^{n}q^{\sum_{k=1}^{n}t_{k}}\det(T_{t}(a,b,c;q))}{(1-abq^{t_{n}+n-3})\prod_{1\leq i<j\leq n}(1-q^{t_{j}-t_{i}})}$
$=(-1)^{n+1}cq \cdot\det(\tilde{W}_{t}(a, b, c;q)_{[2,n]}^{[1,n-1]})\prod_{k=1}^{n-1}(1-abq^{t_{k}+n-3})$
$+ \frac{(-1)^{n}a^{n-1}q^{\frac{(n-1)(n-4)}{2}+t_{n}+2\sum_{k=1}^{n-1}t_{k}}(b;q)_{n-1}(1-abcq^{2n-3})}{(1-abq^{t_{n}+n-3})\prod_{1\leq i<j\leq n-1}(1-q^{t_{j}-t_{i}})}\det(T_{t’}(a$. $b,$ $c;q))$ . $($ 2.56 $)$
(237), (255), (256) (24)
Proof of Lemma 1.5. $1\leq k\leq n-1$
$(1-abq^{t_{n}+n-3})R_{t}^{(k-1)}(aq, b;q)+q^{n-1}(1-aq^{t_{n}-1})R_{t}^{(k)}(a, b;q)=R_{t}^{(k)}(a, b;q)$ (2.57)
Proposition 2.1 (2.4) $n$ (2.3)
(2.1) (2.2) (2.3) Lemma 1.5
Theorem 1.4
Lemma 2.8. (i) $1\leq k\leq n$
$\sum_{1\leq j_{1}<j_{2}<\cdot<j_{k}\leq n}..q^{-\Sigma_{u=1}^{k}j_{u}+k}\prod_{u=1}^{k}(1-abq^{2j_{u}+k-1-u})=q^{-\frac{k(2n-k-1)}{2}}\{\begin{array}{l}nk\end{array}\}$ $($ abq $;q)_{k}$ . $(2.58)$
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(ii) $n\in N,$ $0\leq k\leq n$
$R_{\eta.k}((1.2, \ldots, n);a, b;q)=q\frac{(n-k)(n-k-1)}{2}\{\begin{array}{l}nk\end{array}\}(aq^{k+1};q)_{n-k}(abq^{n};q)_{k}$ . (2.59)
Proof. (i) $k\geq 2$
$\{(j_{1},j_{2}, \ldots,j_{k})\in Z^{k};1\leq j_{1}<j_{2}<\cdots<j_{k}\leq n\}$
$=\{(j_{1},j_{2}, \ldots,j_{k-1}, n)\in Z^{k};1\leq j_{1}<j_{2}<\cdots<j_{k-1}\leq n-1\}$
$\cup\{(j_{1},j_{2}, \ldots , j_{k})\in Z^{k};1\leq j_{1}<j_{2}<\cdots<j_{k}\leq n-1\}$ (disjoint union)
$n$ (ii) (2.58)
$R_{m,k}((1,2, \ldots, n);a, b;q)$
$=(aq^{k}+;q)_{n-k} \sum_{1\leq j_{1}<j_{2}<\cdot<j_{k}\leq n}..q\prod_{u=1}^{k}(1-abq^{2j_{u}+k-1-u})$
$=\{\begin{array}{ll}q\frac{n(n-1)}{2}(aq^{k+1};q)_{n-k}\sum_{1\leq j_{1}<j_{2}<\cdots<j_{k}\leq n}q^{-\Sigma_{u=1}^{k}j_{u}+k}\prod_{u=1}^{k}(1-abq^{2j_{u}+k-1-u}) if 1\leq k\leqn,q\frac{n(n-1)}{2}(aq;q)_{n} if k=0\end{array}$
$=q \frac{(n-k)(n-k-1)}{2}\{\begin{array}{l}nk\end{array}\}(aq^{k+1};q)_{n-k}(abq^{n};q)_{k}$
Proof of Theorem 1.4. (i) Lemma 1.5 $t_{i}=i(1\leq i\leq n)$ (2.59)
$\prod_{1\leq i<j\leq n}(q^{i}-i)=q^{\frac{n(n-1)(n+1)}{6}}\prod_{k=1}^{n-1}(q;q)_{k}$ , $\{\begin{array}{l}nk\end{array}\}=\frac{(-1)^{k}q^{\frac{k(2n-k+1)}{2}}(q^{-n};q)_{k}}{(q;q)_{k}}$ ,
$(xq^{k};q)_{m-k}= \frac{(x;q)_{m}}{(x;q)_{k}}$ , $(x;q^{2})_{m}=(x^{1}z;q)_{m}(-x^{\iota}2;q)_{m}$
$\det((1-cq^{t-i})\frac{(aq;q)_{i+J^{-2}}}{(abq^{2};q)_{i+j-2}})_{1\leq i,j\leq n}$
$=(-1)^{n}a^{\frac{n(n-3)}{2}}q^{\frac{n(n^{2}-3n-1)}{3}}$
$($ abcq; $q^{2})_{n} \prod_{k=0}^{n-1}\frac{(q;q)_{k}(aq;q)_{k+1}(bq;q)_{k-1}}{(abq^{2};q)_{k+n-1}}$
$\cross 4\phi_{3}[^{a_{aq,c^{A}q^{\frac{1}{2}},-a^{A}bc}^{-n\frac{1}{2}zz\frac{1}{2}z}}aa_{\#\frac{1}{2}\sigma_{q^{\frac{1}{2}}}^{abq^{n}}}^{111}z_{cq,-acq^{1}}b^{\iota}222’;q,$ $q]$ . (2.60)
(2.60) $a$ $aq^{r}$ $\frac{(aq;q)_{f}^{n}}{(abq^{2};q)_{r}^{n}}$ (1.11)
(1.12) (1.11) Askey-Wilson polynomial
3 Askey-Wilson polynomials
Theorem 1.4 Askey-Wilson polynomial
$P_{n}(x;a, b, c, d;q)$ , i.e.




Theorem 3.1 (well-known). $n\in Z(n\geq 0),$ $\sigma\in S_{4}$ ( $4$ )
$P_{n}(x;a, b, c, d;q)=P_{n}(x^{-1};a, b, c, d;q)$ , (3.1)
$P_{n}(x;a_{1}, a_{2}, a_{3}, a_{4}:q)=P_{n}(x;a_{\sigma(1)}, a_{\sigma(2)}, a_{\sigma(3)}, a_{\sigma(4)};q)$ . (3.2)
, x $=$ V
Proposition 3.2. $n\in Z(n\geq 0)$
$P_{n}$ $($ v ; $a,$ $b,$ $c,$ $-c;q)=\{\begin{array}{l}(-1)^{m}a^{m}b^{m}c^{2m}q^{m(3m-1)}(-c^{2};q^{2})_{m}if n=2m,\cross P_{m}(-ab^{-1};1, q, ab, -a^{-1}b^{-1}c^{-2}q^{2-4m};q^{2})(-1)^{m+1}a^{m}b^{m+1}c^{2m}(1+ab^{-1})q^{m(3m+1)}(-c^{2};q^{2})_{m+1}if n=2m+1.\cross P_{m}(-ab^{-1};q, q^{2}, ab, -a^{-1}b^{-1}c^{-2}q^{-4m};q^{2})\end{array}$
Proposition 3.2
Lemma 3.3. (i) $n\in Z(n\geq 0)$
$(1-cxq^{-1})(1-adq^{n})P_{n}(x;a, b, c, d;q)$
$=(1-acq^{n-1})(1-dx)P_{n}(x;a, b, cq^{-1}, dq;q)$
$+q^{\frac{n}{2}-1}(a-x)(c-dq)P_{n}(xq^{-\frac{1}{2}} ; aq^{\frac{1}{2}}, bq^{-\frac{1}{2}}, cq^{-\frac{1}{2}}, dq^{\frac{1}{2}} ; q)$. (3.3)
(ii) $n\in N$
$P_{n}(x;a, b, c, d;q)=a^{-1}(1-abq^{n-1})(1-acq^{n-1})(1-adq^{n}‘ 1)P_{n-1}(x;a, b, c, d;q)$
$-a^{-1}(1-abcdq^{2n-2})(1-ax)(1-ax^{-1})P_{n-1}(x;aq, b, c, d;q)$ , (3.4)
$P_{n}(x;a, b, c, d;q)=q^{\frac{n-1}{2}}x^{-1}(1-ax)(1-bd)(1-cx)P_{n-1}(xq^{\frac{1}{2}} ;aq^{\frac{1}{2}} , bq^{\frac{1}{2}} , cq^{\frac{1}{2}} , dq^{\frac{1}{2}};q)$
$+x(1-dx^{-1})(1-acq^{n-1})(1-bx^{-1})P_{n-1}(x;a, bq, c, dq;q)$ . (3.5)
Proof.
$p_{n,k}(x;a, b, c, d;q)= \frac{(ab,ac,ad;q)_{n}(q^{-n},abcdq^{n-1},ax,ax^{-1};q)_{k}q^{k}}{a^{n}(q,ab,ac,ad;q)_{k}}$
$p_{n,n+1}(x;a, b, c, d;q)=p_{n,-1}(x;a, b, c, d;q)=0$
$P_{n}(x;a, b, c, d;q)= \sum_{k=0}^{n}p_{n,k}(x;a, b, c, d;q)$ (36)
(i)
$(1-cxq^{-1})(1-adq^{n})p_{n,k}(x;a, b, c, d;q)-(1-acq^{n-1})(1-dx)p_{n.k}(x;a, b, cq^{-1}, dq;q)$
$-q^{\frac{n}{2}-1}(a-x)(c-dq)p_{n,k}(xq^{-\frac{1}{2}};aq^{\frac{1}{2}}, bq^{-\frac{1}{2}}, cq^{-\frac{1}{2}}, dq^{\frac{1}{2}};q)=0$
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(3.6) (ii) $0\leq k\leq n$
$p_{n,k}(x;a, b, c, d;q)-a^{-1}(1-abq^{n-1})(1-acq^{n-1})(1-adq^{n-1})p_{n-1,k}(x;a, b, c, d;q)$
$+a^{-1}(1-abcdq^{2n-2})(1-ax)(1-ax^{-1})p_{n-1,k-1}(x;aq, b, c, d;q)=0$
(36) (34) (34)
$P_{n-1}(xq^{\frac{1}{2}};aq^{\frac{1}{2}}, bq^{\frac{1}{2}}, cq^{\frac{1}{2}}, dq^{\frac{1}{2}};q)$
$=a^{-1}q^{-\frac{1}{2}}(1-abq^{n-1})(1-acq^{n-1})(1-adq^{n-1})P_{n-2}(xq^{1}\tau ; aq^{\frac{1}{2}}.bq^{1}, cq^{1}, dq^{5} ; q)$
$-a^{-1}q^{-\frac{1}{2}}(1-abcdq^{2n-2})(1-axq)(1-ax^{-1})P_{n-2}(xq^{\frac{1}{2}} ; aq^{\frac{3}{2}}, bq^{\frac{1}{2}} , cq^{\frac{1}{2}}, dq^{\frac{1}{2}} ; q)$ , (3.7)
$P_{n-1}(x;a, bq, c, dq;q)=a^{-1}(1-abq^{n-1})(1-acq^{n-2})(1-adq^{n-1})P_{n-2}(x;a, bq, c, dq;q)$
$-a^{-1}(1-abcdq^{2n-2})(1-ax)(1-ax^{-1})P_{n-2}(x;aq, bq, c, dq;q)$ (3.8)
(3.5) $n$ $n=1$ (3.5)
$n\geq 2$ $n-1$ (3.5)
$n$ (3.4) (3.7), (3.8)
Proof of Proposition 3.2. (3.5) $q$ $q^{2}$ $(x, a, b, c, d, n)$
$(-ab^{-1}, q, 1, ab, -a^{-1}b^{-1}c^{-2}q^{-4m+2}, m)$
$a^{2}c^{2}q^{4m-2}P_{m}(-ab^{-1};q, 1, ab, -a^{-1}b^{-1}c^{-2}q^{-4m+2};q^{2})$
$=(1-a^{2}c^{2}q^{4m-2})(1-abq^{2m-1})(1+ab^{-1})P_{m-1}(-ab^{-1};q, q^{2}, ab, -a^{-1}b^{-1}c^{-2}q^{-4m+4};q^{2})$
$-q^{m-1}(1+ab^{-1}q)(1+abc^{2}q^{4m-2})(1+a^{2})P_{m-1}(-ab^{-1}q;q^{2}, q, abq, -a^{-1}b^{-1}c^{-2}q^{-4m+3};q^{2})$.
(3.9)
(3.3) $q$ $q^{2}$ (3.1)
$(1-cxq^{-2})(1-adq^{2n})P_{n}(x^{-1};a, b, c, d;q^{2})=(1-acq^{2n-2})(1-dx)P_{n}(x^{-1};a, b, cq^{-2}, dq^{2};q^{2})$
$+q^{n-2}(a-x)(c-dq^{2})P_{n}(x^{-1}q;aq, bq^{-1}, cq^{-1}, dq;q^{2})$
$(x, a, b, c, d, m)$ $(-a^{-1}b,ab, q, q^{2}, -a^{-1}b^{-1}c^{-2}q^{-4m}, m)$
$-abq^{2m}(1+ab^{-1})(1+c^{2}q^{2m})P_{m}(-ab^{-1}; ab, q, q^{2}, -a^{-1}b^{-1}c^{-2}q^{-4m};q^{2})$
$=(1-abq^{2m})(1-a^{2}c^{2}q^{4m})P_{m}(-ab^{-1}; ab, q, 1, -a^{-1}b^{-1}c^{-2}q^{-4m+2};q^{2})$
$-q^{m}(1+a^{2})(1+abc^{2}q^{4m})P_{m}(-ab^{-1}q;abq, 1, q, -a^{-1}b^{-1}c^{-2}q^{-4m+1};q^{2})$. (3.10)
(3.9), (3.10) $n$ $n=0$ 1
$n-1$ $n$ $(n\geq 1)$ . $n=2m$ $($ resp. $n=2m+1)$
(3.4) (3.9) (resp (3.10))
Proposition 3.2
Corollary 3.4. $n\in Z(n\geq 0)$
$P_{n}(\sqrt{-1};a, -a, b, -b;q)=\{\begin{array}{ll}(-1)^{m}(-a^{2};q^{2})_{m}(-b^{2};q^{2})_{m}(a^{2}b^{2}q^{2m};q^{2})_{m}(q;q^{2})_{m} if n=2m,0 if n=2m+1.\end{array}$
(3.11)
220
4Lemma 1.5, Theorem 1.4
Proposition 3.2 Theorem 1.4 $n$
Corollary 4.1. $m\in Z(m\geq 0)$
$\det((1-cq^{j-i})\frac{(aq;q)_{i+j+r-2}}{(abq^{2};q)_{i+j+r-2}})_{1\leq i,j\leq 2m}$
$=(-1)^{m}a^{m(2m-1)}b^{m}c^{m}q^{\frac{m(8m^{2}-3m+1)}{3}+m(2m-1)r}(b;q^{2})_{m} \prod_{k=0}^{2m-1}\frac{(q;q)_{k}(aq;q)_{k+r}(bq;q)_{k-1}}{(abq^{2};q)_{k+2m+r-1}}$
$\cross P_{m}(c;1, q, aq^{r+1}, a^{-1}b^{-1}q^{-4m-r+1};q^{2})$ , (4.1)
$\det((1-cq^{j-i})\frac{(aq;q)_{i+j+r-2}}{(abq^{2};q)_{i+j+r-2}})_{1\leq i,j\leq 2m+1}$
$=(-1)^{m}a^{m(2m+1)}b^{m}c^{m}(1-c)q^{\frac{m(m+1)(8m+1)}{3}+m(2m+1)r}(b;q^{2})_{m+1} \prod_{k=0}^{2m}\frac{(q;q)_{k}(aq;q)_{k+r}(bq;q)_{k-1}}{(abq^{2};q)_{k+2m+r}}$
$\cross P_{m}(c;q, q^{2}, aq^{r+1}, a^{-1}b^{-1}q^{-4m-r-1};q^{2})$ . (42)
(4.1) $c$ 1 $P_{n}(1;1, b, c, d;q)=(b, c, d;q)_{n}$
Corollary 4.2. $m\in N$
$\det((q^{\iota-1}-q^{j-1})\frac{(aq;q)_{i+j+r-2}}{(abq^{2};q)_{i+j+r-2}})_{1\leq i,j\leq 2m}$
$=(a^{m(m-1)}q^{\frac{m(m-1)(4m+1)}{3}+m(m-1)r} \prod_{k=1}^{m}\frac{(q;q)_{2k-1}(aq;q)_{2k+r-1}(bq;q)_{2k-2}}{(abq^{2};q)_{2(k+m)+r-3}})^{2}$. (4.3)
(4.3) Ishikawa-Tagawa-Zeng [4] pfaffian
(113) $c$ $0$ (cf. [3]).
Corollary 4.3 (I. $-$T. $-$Zeng 09). $n\in \mathbb{N}$
$\det(\frac{(aq;q)_{t_{i}+j-2}}{(abq^{2};q)_{t_{i}+j-2}})_{1\leq i,j\leq n}=a^{\frac{n(n-1)}{2}}q^{\frac{n(n-1)(n-2)}{6}}\prod_{k=1}^{n}\frac{(aq;q)_{t_{k}-1}(bq;q)_{k-1}}{(abq^{2};q)_{t_{k}+n-2}}\prod_{1\leq i<j\leq n}(q^{t_{i}}-q^{t_{j}})$ .
Corollary 4.3
Lemma 4.4. $n\in N,$ $t=(t_{1}, t_{2}, \ldots, t_{n})\in N^{n}$
$\sum_{k=0}^{n}q$ . (4.4)
Proof. $R_{t}^{(k)}(a, b;q)$ $t=(t_{1}, t_{2}, \ldots, t_{n})$
$R_{t}^{(0)}(a, b;q)=q \frac{n(n-1)}{2}\prod_{k=1}^{n}(1-aq^{t_{k}-1})$ , $R_{t}^{(n)}(a, b;q)= \prod_{k=1}^{n}(1-abq^{t_{k}+n-3})$
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(2.57) $n$
Proof of Corollary 4.3. (1.13) $c$ $0$ (4.4)
Lemma 1.5 $c$ $a^{-1},$ $a^{-1}b^{-1}q^{-2n+3}$
Corollary 4.5. $n\in N$
$\det((1-a^{-1}q^{g-t_{i}-1})\frac{(aq;q)_{t_{i}+-2}J}{(abq^{2_{I}}\cdot q)_{t_{i}+j-2}})_{1\leq i,j\leq n}$
$=(-1)^{n}a^{\frac{n(n-3)}{2}}q^{\frac{n(n-1)(\mathfrak{n}-2)}{6}\Sigma_{k=1}^{n}t_{k}}(b;q^{2})_{n} \prod_{1\leq i<j\leq n}(q^{t_{:}}-q^{t_{j}})\prod_{k=1}^{n}\frac{(aq;q)_{t_{k}}(bq;q)_{k-2}}{(abq^{2};q)_{t_{k}+n-2}}$. (4.5)
$\det((1-a^{-1}b^{-1}q^{j-t_{i}-2n+1})\frac{(aq;q)_{t\dot{.}+J^{-2}}}{(abq^{2};q)_{t_{j}+J^{-2}}})_{1\leq i,j\leq n}$
$=(-1)^{n}a^{\frac{n(n-3)}{2}}b^{-n}q^{\frac{n(n-1)(n-11)}{6}\Sigma_{k=1}^{n}t_{k}}(b;q^{2})_{n} \prod_{1\leq i<j\leq n}(q^{t_{:}}-q^{t_{J}})\prod_{k=1}^{n}\frac{(aq,q)_{t_{k}-1}(bq;q)_{k-2}}{(abq^{2};q)_{t_{k}+n-3}}$.
(4.6)
Proof. Lemma 1.5 $c$ $a^{-1},$ $a^{-1}b^{-1}q^{-2n+3}$
$R_{n,0}(t;a, b;q)=q \frac{n(n-1)}{2}\prod_{u=1}^{n}(1-aq^{t_{u}})$ , $R_{\eta,n}(t;a, b;q)= \prod_{k=1}^{n}(1-abq^{t_{k}+n-1})$
(1.11) $(a, b, c)$ $(q^{a}, q^{b}, q^{c})$ $\frac{1}{(1-q)^{n}}$ 6, $qarrow 1$




$C_{n}= \frac{1}{n+1}(\begin{array}{l}2nn\end{array})$ (Catalan number) $\frac{(a+1)_{n}}{(a+b+2)_{n}}|_{a=-\frac{1}{2},b=\frac{1}{2}}=rC4^{n^{L}}$ (4.7)
Corollary 4.7. $n,$ $r\in N,$ $r\geq 0$
$\det((c+j-i)C_{i+j+r-2})_{1\leq i,j\leq n}$





$\det((C+j-i)A_{i+j+r-2})_{1\leq i,j\leq n},$ $\det((C+j-i)B_{i+j+r-2})_{1\leq i,j\leq n}$ (4.8)
(4.1) (4.2) $qarrow 1$
$n\in \mathbb{Z}(n\geq 0)$ Wilson polynomial $W_{n}(x;a, b, c, d)$
$W_{n}(x;a, b, c, d)=(a+b, a+c, a+d)_{n4}F_{3}[^{a+x,a-x,a+b+c+d+n-1,-n}a+b,$$a c,a+d;1]$
$\frac{P_{n}(q^{x};q^{a},q^{b},q^{c},q^{d};q^{2})}{(1-q)^{3n}}|_{q=1}=2^{3n}W_{n}(x/2;a/2, b/2, c/2, d/2)$ .
(4.1) (resp. (4.2)) $(a, b, c)$ $(q^{a}, q^{b}, q^{c})$ $\frac{1m}{(1-q)}$ (resp.
$\frac{1}{(1-q)^{2m+1}})$ $qarrow 1$
Corollary 4.8. $m\in Z(m\geq 0)$
$\det((c+j-i)\frac{(a+1)_{i+j+r-2}}{(a+b+2)_{i+j+r-2}})_{1\leq i,j\leq 2m}$
$=\{\begin{array}{ll}(-1)^{m}2^{4m}(\frac{b}{2})_{m}W_{m}(\frac{c}{2};0, \frac{1}{2}, \frac{a+r+1}{2}, -\frac{a+b+4m+r-1}{2})\prod_{k=0}^{2m1}\frac{k!(a+1)_{k+r}(b+1)_{k-1}}{(a+b+2)_{k+2m+r-1}} if n=2m,(-1)^{m}2^{4m+1}c(\frac{b}{2})_{m+1}W_{m}(\frac{c}{2};\frac{1}{2},1, \frac{a+r+1}{2}, -\frac{a+b+4m+r+1}{2})\prod_{k=0}^{2m}\frac{k!(a+1)_{k+r}(b+1)_{k-1}}{(a+b+2)_{k+2m+r}} if n=2m+1.\end{array}$
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